ABSTRACT. The present work is concerned with the study of complex projective manifolds X which carry an additional complex contact structure. In the first part of the paper we show that if K X is not nef, then either X is Fano and b 2 (X) = 1, or X is of the form P(T Y ), where Y is a projective manifold. In the second part of the paper we consider contact manifolds where K X is nef or, more generally, complex projective manifolds where the bundle of holomorphic 1-forms contains a nef sub-bundle of rank 1.
INTRODUCTION
A compact complex manifold X of dimension 2n+1 together with a subbundle F ⊂ T X of rank 2n is a contact manifold if the pairing F × F → T X /F =: L induced by the Lie bracket is everywhere non-degenerate. Alternatively, the non-degeneracy condition can be reformulated as follows: if θ ∈ H 0 (X, Ω 1 X ⊗ L) is the induced form, then an elementary calculation shows that θ∧(dθ)
∧k gives a section of Ω 2k+1 X ⊗L k . The subbundle F = ker(θ) is non-degenerate in the above sense if θ ∧ (dθ) n has no zeroes. Contact structures first came up in real geometry. One of the interests in complex geometry lies in the connection with twistor spaces and quaternionic Kähler manifolds. We refer to [Bea99] and [LeB95] for excellent introductions to these matters. This paper contributes to the classification of projective contact manifolds. It has been proved by [Dru98] that κ(X) = −∞. Therefore it seems natural to apply Mori theory for the classification.
1
X contains a nef locally free subsheaf, L * ⊂ Ω 1 X which is proportional to K X . In this case we have κ(X) ≤ 1. If κ(X) = 1, then K X is semi-ample and we obtain information on L * via the Iitaka fibration. If κ(X) = 0 we conjecture that X is a quotient of a product A×Y where A is Abelian and Y is simply connected. We prove this conjecture if dim X ≤ 4 or if Ueno's Conjecture K holds.
For the benefit of readers coming from differential geometry, we have added at various places some explanations concerning basic concepts of algebraic geometry, e.g. Mori theory.
For interesting discussions on contact manifolds we would like to thank A.Beauville and C. Okonek.
CONTACT MANIFOLDS WHERE K X IS NOT NEF
Notation 2.1. Let X be manifold of dimension 2n + 1 with a line bundle L. In this section the tensor product F ⊗ L ⊗k of an O X -sheaf F with a tensor power of L will be denoted by F (k) so that by Ω p X (k) we denote the sheaf of holomorphic p-forms on X twisted by L ⊗k . Let θ be a twisted holomorphic 1-form θ ∈ H 0 (X, Ω 1 X ⊗ L) = H 0 (X, Ω 1 X (1)). For a trivializing covering {U i } in which the bundle L is given by transition functions g ij , the form θ will be locally trivialized by θ i ∈ Ω 1 X (U i ) with the relation θ i = g ij · θ j . It is immediate to see that although usually dθ i do not glue to a section of Ω 2 X (1), yet θ i ∧ (dθ i ) n define a section of Ω 2n+1 X (n + 1) which we call just θ ∧ (dθ) n . The manifold X is a contact manifold with the contact form θ ∈ H 0 (X, Ω 1 X (1)) if θ ∧ (dθ) n does not vanish anywhere; this implies that
where K X is the canonical bundle. The contact form θ defines a vector bundle epimorphism T X → L → 0.
We let F denote its kernel.
For an excellent introduction to contact manifolds we refer the reader to [LeB95] .
2.1. Preliminaries, C * -bundles and the Atiyah extension class. First, let us discuss generalities related to a definition of the Chern class of a line bundle in terms of extensions of sheaves of differentials. This approach is due to Atiyah [Ati57] ; we recall it and adjust it to our particular set-up. In the subsequent paragraphs X is an arbitrary complex manifold and L a line bundle on it.
Let π : L • → X be the C * bundle associated to L, as follows: on L • over U i we have a coordinate z i ∈ C * and z i = g ij z j . In other words
• is the total space of L * with zero section removed. On L • we have a natural action of C * , that is:
• and related C * -invariant non-vanishing vector field (z i /∂z i ) trivializes the relative tangent bundle T L • /X which is the kernel of the tangential map T π :
which we can push down to X and use the fact
k is the splitting into the weight spaces of the C * -action. We denote (Ω 1 L • ) 0 by L and thus find an exact sequence, called the Atiyah extension of L:
is the extension class of the above sequence. Remark 2.3. The sheaf L(1) may be identified as the sheaf of first jets of sections of L, see e.g. [BS95, 1.6 .3], but we do not use this fact.
with the first arrow coming from pull-back and the second one from the derivative df :
. 2.1.1. Projectivized Vector Bundles. Let us consider a rank r + 1 vector bundle E over a smooth manifold Y . The projectivization of E, denoted by P(E), is defined as the relative projective spectrum P roj X (Sym(E)) which geometrically means the variety of lines in the dual bundle E * . The variety P(E) admits a projection p : P(E) → Y , with fibers being projective spaces P r , and a line bundle O P(E) (1) whose restriction to each fiber is O Pr (1). Furthermore, we have p * (O P(E) (1)) = E. The cokernel of the differential map dp : 
is associated with the (dual) relative Euler sequence
For an introduction to these matters, see [LeB95, prop. 2.4 ]. Now we assume that X is a contact manifold with contact form θ. Then on L
• we define a weight 1 homogeneous form
It is easy to verify that this gives a global 2-form on L • and moreover that
n so that the form ω is symplectic. Thus we obtain an isomorphism ω : L * → L(1) which we denote by the same name.
2.3. Splitting type of T X on rational curves. It is a well-known fact attributed to Grothendieck that any vector bundle E on P 1 decomposes into a sum of line bundles,
where the (non-increasing) sequence of integers (e i ) is called the splitting type of E.
The main point in the proof of theorem 1.1 is an analysis of the splitting type of T X , restricted to minimal rational curves. For this, we introduce the following Notation 2.6. If E is a vector bundle on P 1 , let rank + (E) denote the number of positive entries in the splitting type, that is, rank + (E) = #{e i > 0}.
We have the following elementary lemma:
Lemma 2.7. Suppose that a bundle E is in an exact sequence of bundles on P 1 :
Proof. Since the sequence does not split, the map
is an isomorphism and thus the number of non-negative values in the splitting type of E is r. Indeed, let E + ֒→ E be the sub-bundle associated to the non-negative values in the splitting type: then
) and the embedding E + ֒→ O(a i ) is an isomorphism. Therefore the number of negative values in the splitting type of E is s − 1.
where a i are non-negative. On the other hand, by the preceding discussion on the Atiyah extension of L, it follows that the pullback of the sequence defining L to P 1 does not split. Therefore we can apply the previous lemma and obtain that rank
2.4. Extremal rational curves on contact manifolds. In the present section we apply proposition 2.8 to study the locus of minimal rational curves passing through a given point of X. We use Kollár's book [Kol96] as our main reference. Let us consider the scheme Hom(P 1 , X) parameterizing morphisms from P 1 to X. By Hom(P 1 , X; 0 → x) we denote the scheme parameterizing morphisms sending 0 ∈ P 1 to x ∈ X. Let F : P 1 × Hom(P 1 , X) → X be the evaluation morphism. The restriction of F to any family of morphisms V ⊂ Hom(P 1 , X) will be denoted by F V . We write locus(V ) for the image of the evaluation F V (P 1 × V ). By abuse, we will say that V is a family of rational curves and locus(V ) is their locus. If x ∈ locus(V ) is any point, then let locus(V, x) denote locus(V ∩ Hom(P 1 , X; 0 → x)), that is, the locus of curves from V which contain x.
Following Kollár, we say that the family V is unsplit if curves from the family can not be deformed to a 1-cycle consisting of more than one (counting possible multiplicities) curves -for a precise definition we refer to [Kol96, IV, 2.1]. We note that in our case V is unsplit if f (P 1 ) is an extremal rational curve in the sense of Mori (see the definition below).
Proposition 2.9. Let X be a projective contact manifold of dimension 2n + 1 and let V be an irreducible component of Hom(P 1 , X). If V is an unsplit family of rational curves and for f ∈ V we have deg(f * (L)) = 1, then locus(V ) = X and moreover dim locus(V, x) = n for any x ∈ X.
Proof. Let f : P 1 → X be a morphism such that [f ] ∈ V and f (0) = x. By [Kol96, II 3.10] and proposition 2.8 the tangential map T F satisfies
for any p ∈ P 1 − {0}. Therefore, by [Har77, III, 10.6], for any x ∈ locus(V ) we have dim locus(V, x) ≤ n. On the other hand, by Kollár's version of the Ionescu-Wiśniewski estimate [Kol96, IV, 2.6.1] for any x ∈ locus(V ) we have
Note that the quoted inequality [Kol96, IV, 2.6.1]) is stated for a general point x in the locus of a generically unsplit family V . However we claim that it remains true for any x ∈ locus(V ) if the family is unsplit. The proof is the same as the one of [Kol96, prop. IV, 2.5] -we point out that there is an obvious misprint reversing the inequality in this proposition. Now comparing the inequalities we get:
so that locus(V ) = X and dim locus(V, x) = n for any x ∈ X.
2.5. Contractions of contact manifolds. Proof of theorem 1.1. For the convenience of the reader we recall basic facts of Mori theory before commencing the proof of theorem 1.1. For a complete treatment of this subject we refer to e.g. [KM98] .
2.5.1. Mori Theory. Let X be a complex projective manifold such that K X is not nef. This means that there exists a curve C such that K X · C < 0. Then, by the KawamataShokurov base-point-free theorem, X admits a Mori contraction. That is, there exists a normal projective variety Y and a surjective morphism φ : X → Y (which is not an isomorphism) such that φ * (O X ) = O Y (i.e. its fibers are connected) and −K X is φ-ample. The contraction φ is called elementary if all curves contracted by φ to points are numerically proportional, or equivalently, if b 2 (X) = b 2 (Y ) + 1. It is a basic fact that any contraction can be factored via an elementary one.
If φ is an elementary contraction, then we define its length l(φ) := min{−K X · C}, where C is among rational curves contracted by φ (a rational curve C for which the minimum is achieved we call an extremal rational curve). According to Mori's cone theorem, the number l(φ) is defined (i.e. there exists a rational curve contracted by φ) and
If X is a projective contact manifold then, since −K X = (n + 1)L, the bundle L is φ-ample for any Mori contraction φ of X. Moreover, if φ is elementary then l(φ) is either 2n + 2 or n + 1, and the latter occurs if there exists a rational curve C contracted by φ such that L · C = 1. If l(φ) = 2n + 2 = dim X + 1 then, by a result of Ionescu, see e.g. [Kol96, IV, 2.6.1], the contraction φ is onto a point and therefore X is Fano with b 2 = 1.
2.5.2.
Proof of theorem 1.1. In view of the theory outlined in the previous paragraph, in order to prove theorem 1.1, it remains to show that an elementary contraction φ :
As a first step, we show that in our setup Mori contractions cannot be birational.
Proof. Since any Mori contraction can be factored through an elementary one we may assume that φ is elementary and moreover, by the previous considerations, that l(φ) = n + 1, because otherwise Y is a point. Let C ⊂ X be a rational curve contracted by
. By proposition 2.9, locus(V ) = X so that the lemma follows.
Proposition 2.11. Let X be as above and φ : X → Y be a surjective morphism to a variety where 0 < dim Y < dim X. If X η is a generic fiber and X η is Fano, then
Proof. We may assume that X η and φ(X η ) are smooth and that φ has maximal rank at every point of X η .
As a first step we show that X η ∼ = P n . In order to do this, construct a sheaf-morphism β : L| Xη → T Xη . Take Hom(., L) of the sequence defining the contact structure and obtain
Contraction with the contact form
Now consider the canonically defined map φ
Restrict this map to X η and note that φ
This yields a sequence of morphisms as follows:
The induced map β exists because the normal bundle N Xη is trivial, but L| Xη is ample so that every morphism L → N Xη is necessarily trivial. Now claim that β is not the trivial map. Since φ has maximal rank at some point of
On the other hand, diagram 2.1 implies directly that Ker(α) ∼ = O X . Again using that there is no map L| Xη → O Xη , we see that β is non-trivial indeed.
The existence of β is equivalent to h
In this situation a theorem of J. Wahl [Wah83] applies, showing that X η ∼ = P k for some k ∈ N. Use the adjunction formula to see that k = n.
In order to see that X η is F -integral, let x ∈ X η be any point and note that the tangent space T Xη | {x} is spanned by the tangent space of the lines in X η passing through x. Thus, in order to show that X η is integral, it is sufficient to show that all lines in X η are integral manifolds. If C ⊂ X η is a line, using the adjunction formula, we obtain −K X .C = n + 1, i.e. L.C = 1. If ι : C → X is the embedding, note that, since
The preceding proposition can also be proved using the Atiyah extension class of L and the symplectic form ω, c.f. (2.2). We may now finish with the proof of theorem 1.1.
Proof. First we prove that Y is smooth and X = P(φ * (L)). This will follow from a result by Fujita [Fuj85, 2.12], if only we prove that the morphism φ is equidimensional (i.e. it has all fiber of dimension n).
After twisting L by a pull-back of an ample line bundle from Y we may assume that the result, call it L ′ , is ample. Let Chow n,1 (X) be a Chow variety of n-dimensional cycles on X of degree 1 with respect to L ′ , for the definition see e.g. [Kol96, I, 3] . Let X g be a general fiber of φ, by proposition 2.11 (X g , L ′ |Xg ) ∼ = (P n , O(1)). We consider an irreducible component W ⊂ Chow n,1 (X) which contains [X g ]. We note that W is projective of dimension n + 1 and over W there exists a universal family of cycles π : U → W with the evaluation map e : U → X. The map e is birational and either it is an isomorphism or it has a positive-dimensional fiber. In the former case, however, (φ : X → Y ) ∼ = (π : U → W ) and thus φ is equidimensional and we are done by Fujita's result. Thus, to arrive to a contradiction, we assume that e has a positive dimensional fiber. We note that, if x 0 ∈ X is such that dim(e −1 (x 0 )) > 0, then by the property of functor Chow, we have dim e(π −1 (π(e −1 (x 0 )))) > n, because otherwise all cycles in π(e −1 (x 0 )) would be mapped to one n-dimensional cycle. Let us consider an irreducible component
and f is isomorphism onto its image. The family V U is unsplit and it maps, via the natural mapẽ : Hom(P 1 , U ) → Hom(P 1 , X), into an unsplit component V of Hom(P 1 , X) containing curves whose degree with respect to L is 1. Now, we note that locus(V U , u) = π −1 (π(u)) ∼ = P n for a general u ∈ U , and because V u is unsplit the equality locus(V U , u) = π −1 (π(u)) holds for any u ∈ U . Therefore locus(V, x 0 ) ⊃ e(π −1 (π(e −1 (x 0 )))) and since the dimension of the latter set is bigger than n we arrive to a contradiction to proposition 2.9. This concludes the proof of the first part of theorem 2.12.
Thus Y is smooth and we set E := φ * (L) so that (X, L) = (P(E), O P(E) (1)). We shall prove that E ∼ = T Y . By lemma 2.5 we have a map of extensions
and comparing it with the exact sequence defining Ω 1 X/Y we get an exact sequence
Now we combine the embedding φ
. By considering the restriction to fibers of φ we see that the induced map, coming from the twisted dual of the extension defining L
is zero so we have an embedding of φ
The resulting map is of maximal rank so that we get φ
which implies E = T Y and concludes the proof of theorem 2.12.
2.6. Contact structures on P(T Y ). We now turn to contact structures on projectivized tangent bundles which we shall describe in more detail. At first, we consider contact varieties with more than one elementary contraction. It was known before that if X is Fano, then either b 2 (X) = 1 or X = P(T Pn+1 ). This was proved in [LS94, cor. 4.2] using Wiśniewski's classification of Fano manifolds. In fact, a stronger version of that result holds: Proposition 2.13. A projective contact manifold X admits one extremal ray contraction at most, unless X ∼ = P(T Pn+1 ).
Proof. If X has more than one extremal ray then, by the Mori cone theorem, the cone of curves of X has also a Mori face of dimension ≥ 2. This means that there exists a Mori contraction ψ : X → Y with b 2 (Y ) ≤ b 2 (X) − 2 which can be factored through at least two different elementary contractions φ i as follows:
We claim that in this case Y is just a point so we are in the case of a Fano contact manifold with b 2 ≥ 2 which, by the mentioned above result, is P(T P n+1 ). Indeed, otherwise dim Y > 0 and we can apply proposition 2.11 to obtain ψ −1 (y) ∼ = P n , for a general y ∈ Y . But by lemma 2.10 ψ −1 (y) must contain curves contracted by both φ 1 and φ 2 , a contradiction, since b 2 (P n ) = 1 and thus all curves on ψ −1 (y) ∼ = P n are numerically proportional.
If X = P(T Pn+1 ), then the contact structure on X is unique, see e.g. [LeB95, cor. 3.2]. Note also that Aut(P(T P n+1 ))/ Aut(P n+1 ) = {1}. We will see that this is not a coincidence.
Let φ : X = P(T Y ) → Y be the projectivization of the tangent bundle on a compact complex manifold Y of dimension n + 1, together with the relative ample sheaf L = O P(TY ) (1). We have an exact sequence of bundles of twisted differentials
) is an isomorphism. This follows from observing that H 0 (X, Ω 1 X/Y (1)) is the kernel of the evaluation map
appearing in the cohomology of twisted relative Euler sequence
On the other hand we have naturally, by push-forward,
can be identified naturally with endomorphisms of Ω 1 Y . Let us reveal the local nature of the above identification. In an analytic neighborhood U of a point y ∈ Y we choose local (analytic !) coordinates (y α ) and, accordingly, we choose local vector fields ζ β , where 0 ≤ α, β ≤ n, so that ζ α (y α ) = 1 and ζ β (y α ) = 0 if α = β. We note that ζ β are also homogeneous coordinates in φ −1 (U ) and, equivalently,
Y over U , represented in bases related to the choice of coordinates (y α ) as a (n + 1) × (n + 1) matrix then setting
we get a local presentation of h, related to the choice coordinates, a well as a well defined 1-form in Ω 1 X (1) |φ −1 (U) . Proposition 2.14. The above defined identification
)) provides a bijection between automorphisms of Ω

Y and contact forms on X = P(T Y ).
Proof. It is enough to prove that
does not vanish anywhere if and only if h is an automorphism. Since, however, K X ⊗ L n+1 = O X it is enough to verify the non-vanishing at one point. This will be done using the local description provided above. First, we compute
and we see that terms of type ζ β · (dh βα ∧ dy α ) can be ignored in the computation of θ h ∧ (dθ h ) n because they do not contain differentials with respect to ζ β . On the other hand we note that on the projective space P n with homogeneous coordinates [ζ 0 , . . . , ζ n ]
we can identify the form (−1)
So, taking all the above into account and remembering that the wedge product of degree 2 forms commutes we get
and the last expression is non-zero if and only if det(h) = 0. This concludes the proof of proposition 2.14.
CONTACT MANIFOLDS WHERE K X IS NEF
In this section we turn to the case where K X is nef. It is shown in [Dru98] that a projective contact manifold always has Kodaira dimension κ(X) = −∞. The abundance conjecture predicts that this is incompatible with K X nef. However, since the conjecture is known only in dimension ≤ 3 and completely open in higher dimensions, we have to consider this possibility here.
As a partial result, we show in theorem 3.1 that K X is not nef if X has more than one contact structure, and in proposition 3.5 that K X is not nef if a certain stability property of T X holds.
Proposition 3.1. Let X be a projective manifold admitting at least two contact structures. Then the canonical bundle K X is not nef and thus either X = P(T Y ) or X is Fano and b 2 (X) = 1.
′ is torsion and, after passing to a finiteétale cover, we may assume that
we obtain a vector field. If v has zeroes, then X is uniruled and we see that K X cannot be nef. Thus, we assume that v has no zeroes. In this situation [Lie78, thm. 3.13] asserts that -after anotherétale cover, if necessary-X ∼ = T × Y , where T is a torus and v ∈ π * 1 (H 0 (T T )) ⊂ H 0 (F ). Here π 1 : X → T and π 2 : X → Y are the natural projections. It follows from the adjunction formula that the restriction of L to π 2 -fibers is torsion. Thus, again taking covers, we may assume that
) be the contact form associated with sequence 3.1 and θ = θ T ⊕ θ Y be the direct sum decomposition. By assumption, the following expression is not zero:
This, however, is absurd: first, it follows from (dθ Y ) ∧n = 0 that dim Y = 2n, dim T = 1. It then follows from θ(v) = 0 that θ T = 0. A contradiction.
As a first step towards the proof of proposition 3.5, the succeeding result asserts that in our situation K 2 X is zero. For this we do not actually need that X has a contact structure and consider a more general situation:
X be a locally free subsheaf of rank 1 with αL * ≡ K X for some positive rational number α. If K X is additionally nef, then K 2 X = 0. The notation L * might seem to be slightly awkward at first. We use it to be consistent with the notation introduced in section 2.
Proof. Consider the smooth surface S cut out by general hyperplane sections X is a subbundle away from a finite set (e.g. if
S is a subbundle away from a finite set as well.
Corollary 3.4. In the setting of proposition 3.2, the tangent bundle T X is semistable with respect to
, where H is any ample line bundle. This means
for all coherent subsheaves S ⊂ T X of any rank r > 0.
Proof. Since K 2 X ≡ 0, this follows from [Eno87] . Unfortunately it is not always true that T X is also semistable with respect to (K X + ǫH, H m−2 ) for some ample H and some small number ǫ > 0. Counterexamples are e.g. provided by products of elliptic curves with curves of genus g ≥ 2. On the other hand, a weak consequence of this semistability property would already imply the assertion that K X is not nef: Theorem 3.5. In the setting of proposition 3.2, if there exists an ample bundle H ∈ Pic(X) and a number ǫ > 0 such that L * does not destabilize Ω 1 X with respect to
Proof. The assertion on the destabilization can be expressed as
Using K 2 X = 0 and K X = αL * , the inequality becomes
If we now assume that K X is nef, then inequality (3.2) implies K X · H dim X−1 = 0, which is equivalent to K X ≡ 0.
Therefore it remains to consider the case that L * destabilizes T X for all polarizations (K X + ǫH, H dim X−2 ). One might hope to derive some geometric consequences from this unstability.
Remark that all considerations of the present section apply in particular to contact manifolds where dim X = 2n + 1 and α = n + 1. Thus, if the unstable case could be handled, then the canonical bundle K X of a projective contact manifold X would never be nef. This is because the assumption K X ≡ 0 contradicts a result of Ye [Ye94, lem. 1].
MANIFOLDS WITH NEF SUBSHEAVES IN
The setup of proposition 3.2 seems to be of independent interest. The aim of the present section is to give a description of these varieties.
Assumptions 4.1. Let X be a projective manifold and L * ⊂ Ω 1 X be a locally free nef subsheaf of rank one. Assume that there is a positive rational number α such that αL * = K X .
Recall the well-known result of Bogomolov [Bog79] which implies that in this setting κ(X) ≤ 1.
As a first result we obtain:
Proof. We argue by absurdity: assume that K X ≡ 0 and α < 1. The inclusion
gives a non-zero element
α ) < 0 and thus we can find positive integers m, p such that
In order to derive a contradiction, recall the result of Miyaoka ([Miy87, cor. 8.6]; note that X cannot be uniruled) that Ω 1 X | C is nef for a sufficiently general curve C ⊂ X cut out by general hyperplane sections of large degree. Remark that E * | C is nef, too. We may assume without loss of generality that p is big enough so that pK X has a section with zeroes, and so does E| C . See [CP91, prop. 1.2] for a list of basic properties of nef vector bundles which shows that this is impossible.
4.1. The case where κ(X) = 1. In this case K X is semi-ample and we give a description of L * in terms of the Kodaira-Iitaka map. 
) and such that pα is an integer, then
Proof. Since K X ≡ 0 and K 2 X = 0 by proposition 3.2, the numerical dimension ν(X) = 1. In this setting [Kaw85, thm. 1.1] proves that K X is semi-ample, i.e. that a sufficiently high multiple of K X is globally generated. By [Bog79, lem. 12.7] , the canonical morphism
is generically 0. Let B denote the divisor part of the zeroes of f
Then we obtain an exact sequence We will prove the conjecture in a number of cases, in particular if dim X ≤ 4 or if the well-known Conjecture K holds (see [Mor87, sect. 10 ] for a detailed discussion). Recall that the Albanese map of a projective manifold X with κ(X) = 0 is surjective and has connected fibers [Kaw81] . The next lemma is very similar in nature, and also the proof is very kind. We include it here for lack of an adequate reference. Proof. Suppose that this was not the case. Choose j such that λ j > 0 and such that f (E j ) is of maximal dimension. As the lemma is formulated for quasi-projective varieties, in order to derive a contradiction, we may assume without loss of generality that f (E i ) = f (E j ) for all i.
Claim: There exists a divisor B ∈ Q Div(Y ) and a number m ∈ N + such that the Qdivisor M := mD − f * (B) satisfies the following conditions
Application of the claim:
If the claim is true, then we can always find a curve C ⊂ F such that C ⊂ Supp(M ), C ∩ Supp(M ) = ∅ and f (C) = ( * ). Since −M is effective, we have C.M < 0, contradicting the assumed f -nefness.
Proof of the claim: choose a very ample effective Cartier-divisor H ∈ Div(Y ) such that
• the effective part of A is contained in H and • f (E i ) ⊂ Supp(H). If M := D satisfies the requirements of the claim already, stop here. Otherwise, set We will now show that Conjecture K implies our conjecture 4.4. In order to clarify the structure of the proof, we single out the case where H 0 (X, L * ) = 0. More precisely, we consider the weakened Assumptions 4.9. Let X be a projective manifold and L * ⊂ Ω 1 X be a locally free nef subsheaf of rank one. Assume that κ(X) = 0 and that there is a positive rational number α such that αL * ⊂ K X is a subsheaf. Assume furthermore that H 0 (X, L * ) = 0. Proof. In inequality H 0 (X, L * ) = 0 directly implies that q(X) > 0, i.e. that the Albanese map f : X → A = Alb(X) is not trivial.
In this setting, Conjecture K yields a diagram as follows:
where π and π ′ are birational morphisms. Let E be the zero-set of a section of L * ; i.e. L * = O(E). We will show that E = 0.
Claim 1:
The divisor E is supported on f -fibers, i.e. f (Supp(E)) = A.
Proof of claim 1: the inclusion
Since ω = f * (η), we conclude that
where Sing(f ) is the set of all y ∈ A such that f −1 (y) is singular. In particular, E does not meet the general fiber of f . This shows claim 1.
As a next step in the proof of lemma 4.10, we set
and show
Proof of claim 2: by Kawamata's pull-back lemma 4.6 there exists a number m ∈ N + such that mE| X 0 ∈ f * (D| A 0 ) for some D ∈ Div(X). This implies
Now consider X dom . Since X is smooth, we can find a Q-divisor for the canonical bundle ω X dom of the form
where the B i are π-exceptional divisors and λ i ∈ Q + . In particular, we have
.
We derive a contradiction from the last inequality by noting that
).
On the other hand, it follows from the adjunction formula that every effective Q-divisor for the canonical bundle ω F ×Ã must be contained in π * 1 (Q Div(F )). This shows claim 2.
Application of claims 1 and 2: we know that E is an effective and nef divisor satisfying codim A (f (Supp(E))) ≥ 2. By lemma 4.7 this is possible if and only if E = 0.
The preceding lemma enables us to finish the proof of theorem 4.8 by reducing to the modified weakened assumptions 4.9. Since we wish to re-use the same argumentation later, we formulate a technical reduction lemma: Similarly, since X is smooth, Γ * K X ⊂ KỸ . Thus, lemma 4.10 applies toỸ , showing that Γ * (L * ) ≡ 0 so that L * was numerically trivial in the first place. This shows the lemma and thus finishes the proof of theorem 4.8.
Proof of the claim:
Since Γ is anétale cover away from E, we can find a divisor for the canonical bundle ωỸ which is of the form Proof. Using the reduction lemma 4.11, it is sufficient to consider the weakened setting 4.9: let X be as in 4.9. At first we argue exactly as in the proof of lemma 4.10: the Albanese map f : X → A = Alb(X) is surjective and has connected fibers and we have f (Supp(E)) = A, where E is the zero-divisor of the section in L * . Furthermore we have κ(X, E) = 0.
Recall that Conjecture K holds if q(X) ≥ dim X − 2; see [Mor87, p. 316] . By lemma 4.10 we are finished in these cases. It remains to consider the case where q(X) = 1.
Because f is equidimensional in this case, Kawamata's pull-back lemma 4.6 applies: there is a number m ∈ N + such that mE = f * (D). It follows immediately that κ(A, D) = 0. Since A is a torus, this is possible if and only if D = 0.
Remark 4.13. Actually, the proof of lemma 4.11 and theorem 4.12 show that conjecture 4.4 holds if q(X) ≥ dim X − 2 or if H 0 (X, L * ) = 0 and q(X) = 1. For the first statement, note that q(X) increases when passing to a cover.
